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§4.1 �Å�þ�éÜ©Ù�>�©Ù

I�ïÄõ��ÅCþ��¹, X:

�X:î�IX �p�IY ;

õg�z¬g�MÝX!¹%þY!¹1þZ.

:: Cþ�mkéX.

½Â0.1. ¡n ��ÅCþX1, X2, . . . , Xn ��N

ξ “ pX1, X2, . . . , Xnq �n ��Å�þ.

5: /�ê0´©þ��ê. X, �X:�IpX,Y q ´��

²¡¥��Å:.

5: X?Ø���Å�þ, p�aq.

���<: oÀº, U�: ÙE 1oÙ



 

��lÑ.�Å�þ

½Â1.1. eξ “ pX,Y q ��k��½���(��¢�þ)�,

K¡ξ �lÑ.�Å�þ.

5: �d/, ü�©þX, Y Ñ´lÑ.�ÅCþ.

����:

X: txi : i “ 1, 2, . . . u; Y : tyj : j “ 1, 2, . . . u,

pX,Y q: tpxi, yjq : i “ 1, 2, . . . , j “ 1, 2, . . . u.

ξ “ pX,Y q �(VÇ)©Ù:

P ppX,Y q “ pxi, yjqq “ pij , i “ 1, 2, . . . , j “ 1, 2, . . . (1.1)

�¡�pX,Y q �éÜ©Ù(�).

5: #NÑyk
|Üpxi, yjq éA�VÇpij “ 0.

���<: oÀº, U�: ÙE 1oÙ



 

��VÇ©Ù�L:

X z Y y1 y2 ¨ ¨ ¨ yj ¨ ¨ ¨

x1 p11 p12 ¨ ¨ ¨ p1j ¨ ¨ ¨

x2 p21 p22 ¨ ¨ ¨ p2j ¨ ¨ ¨

...
...

...
...

xi pi1 pi2 ¨ ¨ ¨ pij ¨ ¨ ¨

...
...

...
...

/XtpX,Y q “ pxi, yjqu �¯��¤��¯�|, Ïd:

p1q pij ě 0, @i “ 1, 2, . . . , j “ 1, 2, . . .

p2q
ÿ

i

ÿ

j

pij “ 1.
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~1.1. �pX,Y q =�5 �ØÓ::

p1, 1q p1.2, 1q p1.4, 1.5q p1, 1.3q p0.9, 1.2q

��z�:�VÇ��(þ�1
5).

éÜ©Ù: VÇ©ÙL:

P ppX,Y q “ p1, 1qq “
1

5
,

P ppX,Y q “ p1, 2.1qq “
1

5
,

P ppX,Y q “ p1.4, 1.5qq “
1

5
,

P ppX,Y q “ p1, 1.3qq “
1

5
,

P ppX,Y q “ p0.9, 1.2qq “
1

5
.

X z Y 1 1.2 1.3 1.5

0.9 0 1
5 0 0

1 1
5 0 1

5 0

1.2 1
5 0 0 0

1.4 0 0 0 1
5
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~1.2. n�©Ù(ëê: n ���ê, 0 ă p1, p2 ă 1, p1 ` p2 ă 1).

�pX,Y q �éÜ©Ù�

P ppX,Y q “ pk1, k2qq
∆
“ pk1,k2

“
n!

k1!k2!pn´ k1 ´ k2q!
pk11 p

k2
2 p1´ p1 ´ p2q

n´k1´k2 ,

k1, k2 “ 0, 1, . . . , n, k1 ` k2 ď n. (1.3)

�y¤kVÇ�Ú�u1:

n
ÿ

k1“0

n´k1
ÿ

k2“0

pk1,k2 p�½k1,-n´ k1 “ mq

“

n
ÿ

k1“0

n!

k1!pn´ k1q!
pk11

m
ÿ

k2“0

m!

k2!pm´ k2q!
pk22 p1´ p1 ´ p2q

m´k2

“

n
ÿ

k1“0

n!

k1!pn´ k1q!
p1
::

k1 ¨

ˆ

p2// ` p1´ p1
:::::

´p2////q

˙n´k1

“ 1.
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~1.3 (n�©Ù�¢~). ��1®), xÚ(W)Ó': pW “ 60%;

�Ú(Y)Ó': pY “ 25%, ùÚ(R)Ó': pR “ 15%. �Å(^S

/)�Ñ6 |. ¯: Ù¥Tk3|xÚ!1 |�Ú!2 |ùÚ�VÇ.

): ^�Ý�6 �W-Y-R iÎGL«(^S/)Ä�(J.

�±@��gÄ�Õá, �Ä��ôÚ�VÇØC: X,

P pWWWWWWq “ pWpWpWpWpWpW “ p0.6q6,

P pWWWYRRq “ pWpWpWpYpRpR “ p0.6q
3p0.25q1p0.15q2.

Tk3 �W, 1 �Y, 2 �R �iÎGê8:

C3
6C

1
3 “

6!

3!1!2!
“ 60.

z�iÎGéA�VÇþ�p0.6q3p0.25q1p0.15q2. �¤¦�

60 ¨ p0.6q3p0.25q1p0.15q2 “ 0.0729.
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-X “/6|¥x®)ê80, Y “/6|¥�®)ê80.

K¯�/6|¥Tk3|xÚ!1|�Ú!2|ùÚ0=�

tX “ 3, Y “ 1u “ tpX,Y q “ p3, 1qu.

þ¡�í�,

P ppX,Y q “ p3, 1qq “
6!

3!1!2!
p0.6q3p0.25q1p0.15q2.

��/, éu0 ď k1, k2 ď 6, 0 ď k2 ď 6, k1 ` k2 ď 6,

P ppX,Y q “ pk1, k2qq

“
6!

k1!k2!p6´ k1 ´ k2q!
p0.6qk1p0.25qk2p0.15q6´k1´k2 .

pX,Y q Ñlëê�n “ 6, p1 “ 0.6, p2 “ 0.25 �n�©Ù.
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pX,Y q �©Ù¡�éÜ©Ù.

X �©Ù¡�pX,Y q �'uX �>�©Ù; Y �aq.

éÜ©Ùû½>�©Ù: �

P ppX,Y q “ pxi, yjqq “ pij , i “ 1, 2, . . . , j “ 1, 2, . . .

K

P pX “ xiq “
ÿ

j

P pX “ xi, Y “ yjq (��/k��\5)

“
ÿ

j

pij ; (X �>�©Ù.) (1.4)

P pY “ yjq “
ÿ

i

pij . (Y �>�©Ù.) (1.4’)
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~1.4. 3~1.1 �VÇ©ÙL¥, ©OU1!�¦Ú, Ò��


X!Y �>�©Ù:

X z Y 1 1.2 1.3 1.5

0.9 0 1
5 0 0 1

5

1 1
5 0 1

5 0 2
5

1.2 1
5 0 0 0 1

5

1.4 0 0 0 1
5

1
5

2
5

1
5

1
5

1
5
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~1.5. �pX,Y qÑlëê�n, p1, p2�n�©Ù:

P ppX,Y q “ pk1, k2qq
∆
“ pk1,k2

“
n!

k1!k2!pn´ k1 ´ k2q!
pk11 p

k2
2 p1´ p1 ´ p2q

n´k1´k2 ,

k1, k2 “ 0, 1, . . . , n, k1 ` k2 ď n.

X „ Bpn, p1q, (aq/, Y „ Bpn, p2q):

P pX “ k1q “

n´k1
ÿ

k2“0

pk1,k2

“
n!

k1!pn´ k1q!
pk11

n´k1
ÿ

k2“0

pn´ k1q!

k2!pn´ k1 ´ k2q!
pk22 p1´ p1 ´ p2q

n´k1´k2

“
n!

k1!pn´ k1q!
pk11 ¨

`

p2// ` p1´ p1´p2////q
˘n´k1 , k1 “ 0, 1, ¨ ¨ ¨ , n.

5: òxÚ(W)À�¤õ, ò�Ú(Y)ÚùÚ(R)þÀ��}.

���<: oÀº, U�: ÙE 1oÙ
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½Â1.2. e�3�K¼êppx, yq ¦�: é?¿a ă b, c ă d,

(PD “ tpx, yq : a ă x ă b, c ă y ă du),

P ppX,Y q P Dq “

ĳ

D

ppx, yqdxdy, (1.5)

K¡ξ “ pX,Y q �ëY.�Å�þ. ¡ppx, yq �pX,Y q�é

Ü©Ù�Ý, {¡éÜ�Ý½©Ù�Ý.

5: �UCppx, yq 3�^�þ�¼ê�.

5: ppx, yq ëY½©ãëY. e3px0, y0q ëY, K

ppx0, y0q “ lim
nÑ8

1
δ2
P px0 ă X ă x0 ` δ, y0 ă Y ă y0 ` δq.

5: éÜ�ÝØ´VÇ, ÙÈ©â´VÇ.

5: é��«�D, (1.5) E¤á. È©�ºÌN�NÈ.

AO/, �D ��²¡, KÈ©�1.
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~1.6. �pX,Y q �éÜ�ÝXe:

ppx, yq “

$

&

%

Ce´px`yq ex ě 0, y ě 0,

0 Ù§.

(1) ¦~êC; (2) ¦P p0 ă X ă 1, 0 ă Y ă 1q.

): (1) C “ 1:

1 “

ż 8

0

ż 8

0
ppx, yqdxdy “ C

ż 8

0

ż 8

0
e´px`yqdxdy

“C

ż 8

0
e´xdx

ż 8

0
e´ydy “ C.

(2)PD “ tpx, yq : 0 ă x ă 1, 0 ă y ă 1u, K¤¦�
ĳ

D

ppx, yqdxdy “

ż 1

0

ż 1

0
e´px`yqdxdy

“

ż 1

0
e´xdx

ż 1

0
e´ydy “ p1´ e´1q2.
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½n1.1. eξ “ pX,Y q ´ëY., éÜ�ÝP�ppx, yq.

KX,Y Ñ´ëY., �

pXpxq “

ż 8

´8

ppx, yqdy, pY pyq “

ż 8

´8

ppx, yqdx. (1.7)

y: @a ă b. PD “ tpx, yq : a ă x ă b,´8 ă y ă 8u. K

P pa ă X ă bq “ P pξ P Dq

“

ĳ

D

ppx, yqdxdy “

ż b

a

ż 8

´8

ppx, yqdydx.

½Â1.3. �ξ “ pX,Y q �ëY.. ¡pXpxq �ξ 'uX�>

�(©Ù)�Ý. 'uY �aq.
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½Â1.4 �G ´²¡þ�«�, ¡Èa P p0,8q. eéG �?

¿f«�A, P ppX,Y q P Aq “ A �¡È: G �¡È. K

¡pX,Y q ÑlG þ�þ!©Ù. P�UpGq.

5: pX,Y q �ëY., éÜ�Ý�

ppx, yq “

$

&

%

1
a , epx, yq P G,

0, epx, yq R G.
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~1.7. �G �²¡þdy “ x2 Úy “ x ¤Y�k�«�,

pX,Y q „ UpGq. ¦pX,Y q �éÜ�ÝÚ>��Ý.

): G�¡È�a “
ş1
0 xdx´

ş1
0 x

2dx “ 1
6 .

éÜ�Ý�ppx, yq “

$

&

%

6, epx, yq P G,

0, epx, yq R G.
.

>��Ý: pXpxq “ 0, (x R r0, 1s), pY pyq “ 0, (y R r0, 1s);

pXpxq “

ż 8

´8

ppx, yqdy “

ż x

x2
6dy “ 6px´ x2q, px P r0, 1sq,

pY pyq “

ż 8

´8

ppx, yqdx “

ż

?
y

y
6dx “ 6p

?
y ´ yq, py P r0, 1sq.

5: X, Y þ�±�Hr0, 1s, �pX,Y q ØU�Hr0, 1s ˆ r0, 1s.
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�ÅCþ�Õá5

½Â1.5. e@a ă b Úc ă d, ta ă X ă bu �tc ă Y ă du �

pÕá, K¡X �Y ´�pÕá�, {¡Õá.

½n1.2(ëY.). �X,Y þ�ëY.. KX �Y �pÕá

�¿�^�´: pXpxqpY pyq ´�Å�þpX,Y q �éÜ�Ý.

y: -D “ tpx, yq : a ă x ă b, c ă y ă du. K

ť

D

pXpxqpY pyqdxdy “
şb
a pXpxqdx ¨

şd
c pY pyqdy “ P p‹q ¨ P p‹q

|| ? || ?

P ppX,Y q P Dq “ P p‹, ‹q

/ð0: þ�e��>��, �m>��.

/ñ0: þ�e�m>��, ��>��.
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½n1.3(lÑ.). �X �¤k�U���x1, x2, . . . (k�½

��), Y ��y1, y2, . . . . KX �Y �pÕá�¿�^�´:

P pX “ xi, Y “ yjq “ P pX “ xiq ¨ P pY “ yjq, @i, j. (1.9)

y: -D “ tpx, yq : a ă x ă b, c ă y ă du,

A “ txi : a ă xi ă bu, B “ tyj : c ă yj ă du.

/ð0: þ�e��>��, �m>��.

ř

xiPA

ř

yiPB
P pX “ xiqP pY “ yjq “ P p‹q ¨ P p‹q

|| ? || ?
ř

xiPA

ř

yiPB
P pX “ xi, Y “ yjq “ P p‹, ‹q

/ñ0: þ�e�m>��. �a “ xi ´
1
n , b “ xi `

1
n ,

c “ yj ´
1
n , d “ yj `

1
n . ,�-nÑ8.

���<: oÀº, U�: ÙE 1oÙ



 

~1.8. �X1 „ Npµ1, σ
2
1q, X2 „ Npµ2, σ

2
2q, �X1�X2�pÕá,

¦pX1, X2q�éÜ�Ý.

): X1, X2 ��Ý©O�

X1 „p1px1q “
1

?
2πσ1

exp

"

´
1

2

px1 ´ µ1q
2

σ2
1

*

,

X2 „p2px2q “
1

?
2πσ2

exp

"

´
1

2

px2 ´ µ2q
2

σ2
2

*

.

�pÕá, �éÜ�Ý�

ppx1, x2q “
1

2πσ1σ2
exp

#

´
1

2

«

ˆ

x1 ´ µ1

σ1

˙2

`

ˆ

x2 ´ µ2

σ2

˙2
ff+

.

5: éÜ�Ýû½>��Ý, ��Ø,.

e©þ�pÕá, K��½,.
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½Â1.6. eξ “ pX,Y q �éÜ�ÝXe, K¡ξ Ñl���

�©Ù, ¡ξ ������Å�þ.

ppx, yq “
1

2πσ1σ2

a

1´ ρ2
exp

"

´
1

2p1´ ρ2q
¨ I

*

,

Ù¥, I “
px´ µ1q

2

σ2
1

´ 2ρ
px´ µ1qpy ´ µ2q

σ1σ2
`
py ´ µ2q

2

σ2
2

“u2 ´ 2ρuv ` v2. u “
x´ µ1

σ1
, v “

y ´ µ2

σ2
.

Ù¥µ1, µ2, σ1 ą 0, σ2 ą 0,´1 ă ρ ă 1 ´5�ëê.

¡ppx, yq ������Ý.

5: /��0���¤/��0.
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>�: X „ Npµ1, σ
2
1q, Y „ Npµ2, σ

2
2q.

éÜ�Ý: ppx, yq “ C exp
!

´ 1
2p1´ρ2q

¨ I
)

,

I “ u2´2ρuv`v2, u “
x´ µ1

σ1
, v “

y ´ µ2

σ2
, C “

1

2πσ1σ2

a

1´ ρ2
.

pXpxq “
ş8

´8
ppx, yqdy. U�I “ pv ´ ρuq2 ` p1´ ρ2qu2. �

pXpxq “C

ż 8

´8

exp

"

´
pv ´ ρuq2 ` p1´ ρ2qu2

2p1´ ρ2q

*

dy

“Cσ2 ¨ e
´u2

2 ¨

ż 8

´8

exp

"

´
pv ´ ρuq2

2p1´ ρ2q

*

dv

“Cσ2 ¨ e
´u2

2 ¨
a

2πp1´ ρ2q “
1

?
2πσ1

e
´
px´µ1q

2

2σ21 .

5: ?�Ú, íÑ
ş8

´8

ş8

´8
ppx, yqdxdy “ 1.
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©þÕá�¿�^�: ρ “ 0.

éÜ�Ý: ppx, yq “ C exp
!

´ 1
2p1´ρ2q

¨ I
)

,

I “ u2´2ρuv`v2, u “
x´ µ1

σ1
, v “

y ´ µ2

σ2
, C “

1

2πσ1σ2

a

1´ ρ2
.

>�: X „ Npµ1, σ
2
1q, Y „ Npµ2, σ

2
2q.

/ð0: �ρ “ 0. K���2ρuv ��, �1´ ρ2 “ 1. ´

�ppx, yq “ pXpxqpY pyq.

/ñ0: eX,Y Õá, KXe½Â�p̂px, yq ´éÜ�Ý.

p̂px, yq “
1

2πσ1σ2
exp

"

´
1

2
pu2 ` v2q

*

. (1.11)

ppx, yq �p̂px, yq Ñ´ëY�, �����. AO/,

ppµ1, µ2q “pXpµ1qpY pµ2q ñ C “
1

2πσ1σ2
ñ ρ “ 0.
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½Â1.7. ¡��¼ê

F px, yq “ P pX ď x, Y ď yq

�ξ “ pX,Y q �(éÜ)©Ù¼ê. P�Fξpx, yq ½FX,Y px, yq.

5: �pX,Y q �ëY.. eéÜ�Ýppx, yq 3px0, y0q ëY,

K
B2FX,Y
BxBy

px0, y0q “ ppx0, y0q.

5: e
B2FX,Y px,yq

BxBy �3�ëY, K§´pX,Y q �éÜ�Ý,

(�, pX,Y q �ëY.).
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§4.2 ü��ÅCþ�¼ê�©Ù

PZ “ X ` Y . ^©Ù¼ê{: -D “ tpx, yq : y ď z ´ xu,

FZpzq “P pZ ď zq “ P pX ` Y ď zq “ P ppX,Y q P Dq,

�pX,Y q �ëY., �Ý�ppx, yq. K

P pZ ď zq “

ĳ

D

ppx, yqdxdy “

ĳ

yďz´x

ppx, yqdxdy (2.1)

“

ż 8

´8

ż z´x

´8

ppx, yqdydx (�È©z�\gÈ©)

“

ż 8

´8

ż z

´8

ppx, u´ xqdudx p�½x. - u “ y ` xq

“

ż z

´8

ż 8

´8

ppx, u´ xqdxdu. (È©��gS)
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�pX,Y q �ëY., �Ý�ppx, yq, -Z “ X ` Y . K

FZpzq “P pZ ď zq “

ż z

´8

ż 8

´8

ppx, u´ xqdxdu.

Ïd, Z �ëY., ��Ý�

pZpzq “

ż 8

´8

ppx, z ´ xqdx. (2.2)

AO/, eX,Y �pÕá, K

pZpzq “

ż 8

´8

pXpxqpY pz ´ xqdx “

ż 8

´8

pXpz ´ yqpY pyqdy.
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~2.1. �X �Y �pÕá, ÑÑlNpµ, σ2q, ¦X ` Y ��Ý.

): òpX,Y q �éÜ�ÝP�ppx, yq. K

ppx, z ´ xq “
1

2πσ2
exp

"

´
px´ µq2 ` pz ´ x´ µq2

2σ2

*

.

-t “ x´ µ. �ê¥�©f:

‹ “t2 ` pz ´ 2µ´ tq2 “ 2t2 ´ 2pz ´ 2µqt` pz ´ 2µq2

“2pt´
z ´ 2µ

2
q2 `

pz ´ 2µq2

2
. pPµ0 “

z ´ 2µ

2
q

Z „ Np2µ, 2σ2q: pZpzq “
ş8

´8
ppx, z ´ xqdx, �

pZpzq “

ż 8

´8

1

2πσ2
¨ exp

"

´
pt´ µ0q

2

2 ¨ σ2{2

*

¨ exp

"

´
pz ´ 2µq2

2 ¨ 2σ2

*

dt

“
1

2πσ2
¨
?

2πσ{
?

2 ¨ e´
pz´2µq2

2¨2σ2 “
1

?
2π2σ2

e´
pz´2µq2

2¨2σ2 .
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���/

©Ù¼ê{.

�pX,Y q éÜ�Ý�ppx, yq, Z “ fpX,Y q. ¦Z �©Ù.

1�Ú!¦Z �©Ù¼ê. Dz “ tpx, yq : fpx, yq ď zu.

FZpzq “ P pfpX,Y q ď zq “

ĳ

Dz

ppx, yqdxdy.

1�Ú!��O�FZpzq, ,�¦���pZpzq.

½ö, |^CþO�!\gÈ©!È©��gS�óä, ò

È©z��ª/ª.

FZpzq “

ĳ

fpx,yqďz

ppx, yqdxdy “ ¨ ¨ ¨ “

ż z

´8

pZpuqdu.
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~2.2. �X,Y Õá, ÑÑlNp0, 1q. ¦Z “
?
X2 ` Y 2 ��Ý.

): ez ď 0, KFZpzq “ 0. ez ą 0, K

FZpzq “

ĳ

Dz

ppx, yqdxdy
::::

. Ù¥,

ppx, yq “
1

2π
exp

"

´
1

2
px2 ` y2q

*

, Dz “ tpx, yq : x2 ` y2 ď z2u.

�, �4�IC�; ¿O�ä�'1�ª.

x “ r cos θ,

y “ r sin θ,

˜

r ě 0

0 ď θ ă 2π

¸

;
Bpx, yq

Bpr, θq
“

ˇ

ˇ

ˇ

ˇ

ˇ

cos θ ´r sin θ

sin θ r cos θ

ˇ

ˇ

ˇ

ˇ

ˇ

“ r.

ñ Fzpzq “

ż 2π

0

ż z

0

1

2π
e´

1
2
r2rdrdθ

:::::
“

ż z

0
re´

1
2
r2dr, pz ą 0q.

¡Z Ñla|(Rayleigh)©Ù, �ÝXe:

pZpzq “ ze´
z2

2 , pz ą 0q; pZpzq “ 0, pz ď 0q.
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~2.3. �X,Y ÕáÓ©Ù, �Ó��Ý¼ê�pp¨q, ©Ù¼ê

�F p¨q. ¦Z “ maxpX,Y q ��Ý¼ê.

):

FZpzq “P pZ ď zq “ P pmaxpX,Y q ď zq

“P pX ď z, Y ď zq

“P pX ď zq ¨ P pY ď zq (Õá5)

“F pzq ¨ F pzq “ F 2pzq.

¦���Z ��Ý:

pZpzq “
`

F 2pzq
˘1
“ 2F pzq ¨ F 1pzq “ 2F pzqppzq.
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��C���éÜ�Ý

®�pX,Y q �éÜ�Ý. ¦XeC���pU, V q �éÜ�Ý.

U “ fpX,Y q, V “ gpX,Y q.

½n2.1. ‹. �«�A ¦�P ppX,Y q P Aq “ 1; f , g ÷v:

(1) ?¿pu, vq 3A ¥���(eã�§|�))��.

fpx, yq “ u, gpx, yq “ v. (2.4)

(2) f, g3A¥këY �ê.

(3) ä�'1�ªJpx, yq “ Bpf,gq

Bpx,yq
3A ¥??Ø�u0.

�‹. -G “
 

pu, vq :�§|(2.4)3A ¥k(��))
(

. K

qpu, vq “ ppx, yq ¨
1

|Jpx, yq|
, ppu, vq P Gq; qpu, vq “ 0, ppu, vq R Gq.

´pU, V q �éÜ�Ý, Ù¥px, yq ´(2.4) 3A ¥�(��)).
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½n2.1. �y²:

�½a ă b, c ă d. P

D “ tpu, vq : a ă u ă b, c ă v ă du,

D˚ “ tpx, yq : pfpx, yq, gpx, yqq P Du.

pf, gq ´D˚ XA �D XG þ��!�N�,

�Bpx,yq
Bpu,vq “ 1{Bpu,vq

Bpx,yq . dÙ_N��È©�CêO�úª,
ĳ

D˚XA

ppx, yqdxdy “

ĳ

DXG

ppx, yq ¨

ˇ

ˇ

ˇ

ˇ

Bpx, yq

Bpu, vq

ˇ

ˇ

ˇ

ˇ

dudv “

ĳ

DXG

qpu, vqdudv.

Ù¥, qpu, vq “ ppx, yq ¨ 1
|Jpx,yq| , @pu, vq P G.

qpu, vq ´pU, V q �éÜ�Ý. (qpu, vq “ 0, @pu, vq R G).

P ppU, V q P Dq “ P ppX,Y q P D˚q “ P ppX,Y q P D˚ XAq

“

ĳ

D˚XA

ppx, yqdxdy “

ĳ

DXG

qpu, vqdudv “

ĳ

D

qpu, vqdudv.
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~2.5. �X,Y �pÕá, ÑÑlNp0, 1q. 4�IL�:

X “ R cos Θ, Y “ R sin Θ, pR ě 0, 0 ď Θ ă 2πq.

¦pR,Θq �éÜ�Ý�>��Ý.

): 8I: ïá�!�N�. )û: £;px, yq ��I¶.

�, �A “ tpu, vq : u ‰ 0, v ‰ 0u.

�A/, G “ tpr, θq : r ą 0, 0 ă θ ă 2π�θ ‰ 1
2π, π,

3
2πu.

pR,Θq �éÜ�Ý: pr, θq P G,

qpr, θq “ ppx, yq

ˇ

ˇ

ˇ

ˇ

Bpx, yq

Bpr, θq

ˇ

ˇ

ˇ

ˇ

“
1

2π
e´

1
2
px2`y2qr “

1

2π
re´

1
2
r2 .

UCqpr, θq 3n^�þ��, ��(#�)éÜ�Ý:

ϕpr, θq “
1

2π
re´

1
2
r2 , pr ą 0, 0 ă θ ă 2πq.

5: R Ñla|©Ù, Θ „ Ur0, 2πs, (�§��pÕá).
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~2.4. �U, V Õá, ÑÑlUr0, 1s. ¦XepX,Y q �éÜ�Ý.

X “ R cos Θ, Y “ R sin Θ; Ù¥, R “
?
´2 lnU, Θ “ 2πV.

): r2 “ ´2 lnu, θ “ 2πv.

�, �A “ tpu, vq : 0 ă u, v ă 1,�v ‰ 1
4 ,

2
4 ,

3
4u.

�A/, G “ tpx, yq : x ‰ 0, y ‰ 0u.

ä�'1�ª:

Bpx, yq

Bpr, θq
“ r,

Bpr, θq

Bpu, vq
“

ˇ

ˇ

ˇ

ˇ

ˇ

r1puq 0

0 θ1pvq

ˇ

ˇ

ˇ

ˇ

ˇ

“
pr2q1puq

2r
¨ 2π “ ´

2π

ur
.

dë£{K,

Bpu, vq

Bpx, yq
“
Bpu, vq

Bpr, θq
¨
Bpr, θq

Bpx, yq
“ ´

ur

2π
¨

1

r
“ ´

1

2π
e´

1
2
px2`y2q.
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pU, V q �éÜ�Ý: pU,V pu, vq “ 1, pu, vq P A.

�, pX,Y q �éÜ�Ý�

qpx, yq “ pU,V pu, vq ¨

ˇ

ˇ

ˇ

ˇ

Bpu, vq

Bpx, yq

ˇ

ˇ

ˇ

ˇ

“
1

2π
e´

1
2
px2`y2q, px, y ‰ 0q.

UCqpx, yq 3�I¶þ�¼ê�, ��(#�)éÜ�Ý:

pX,Y px, yq “
1

2π
e´

1
2
px2`y2q.

5: X,Y �pÕá, ÑÑlNp0, 1q.

5: é'~2.5. ��: R Ñla|©Ù��=�U „ Up0, 1q.

X “ R cos Θ, Y “ R sin Θ; Ù¥, R “
?
´2 lnU, Θ “ 2πV.
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~2.6. �U , V �pÕá, ÑÑlUp0, 1q; 0 ď r1 ă r2. -

X “ R cos Θ, Y “ R sin Θ,

Ù¥, R “
b

r2
1 ` pr

2
2 ´ r

2
1qU, Θ “ 2πV.

KpX,Y q „ UpDq, Ù¥D “ tpx, yq : r2
1 ď x2 ` y2 ď r2

2u.

y: pR,Θq ���«�: A “ tpr, θq : 0 ă r ă 1, 0 ă θ ă 1u,

�A/, pX,Y q ���«�: D. (�KA^�.)

ä�'1�ª:

Bpx, yq

Bpr, θq
“ r,

Bpr, θq

Bpu, vq
“ r1puqθ1pvq

ñ
Bpu, vq

Bpx, yq
“

1

r
u1prqv1pθq “

1

r/
¨

2r//

r2
2 ´ r

2
1

¨
1

2/π
, pu “

r2 ´ r2
1

r2
2 ´ r

2
1

q.

pX,Y q „ UpDq, Ï�ÙéÜ�ÝXe:

ppx, yq “ pU,V pu, vq |‹| “ ‹, px, yq P D.
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ü��ÅCþ�¼ê�þ�úª

§4.3 �Å�þ�êiA�

�pX,Y q k�Ýppx, yq, -Z “ fpX,Y q. K

EpZq “ EfpX,Y q “

ż 8

´8

ż 8

´8

fpx, yqppx, yqdxdy. (3.1)

lÑ.aq.
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~3.1. �X,Y Õá, ÑÑlNp0, 1q, ¦E
?
X2 ` Y 2.

){1: ��^úª(3.1).

E
a

X2 ` Y 2 “

ż 8

´8

ż 8

´8

a

x2 ` y2 ¨
1

2π
¨ e´

1
2
px2`y2qdxdy

“

ż 2π

0
dθ

ż 8

0
r ¨

1

2π
¨ e´

1
2
r2rdr (�4�IC�)

“

ż 8

0
r2e´

1
2
r2dr “

?
2π

2

ż 8

´8

x2 1
?

2π
e´

1
2
x2dx “

?
2π

2
.

){2: k¦Z “
?
X2 ` Y 2 ��Ý, 2U½ÂO�.

pZpzq “ ze´
1
2
z2 , pz ą 0q, p§4.2,~2.2q

ñEZ “

ż 8

´8

zppzqdz “

ż 8

0
z2e´

1
2
z2dz “

?
2π

2
.
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þ����

�pX,Y q �éÜ�Ý�ppx, yq, K

EpXq “

ż 8

´8

xpXpxqdx “

ż 8

´8

ż 8

´8

xppx, yqdxdy,

EpY q “

ż 8

´8

ypY pyqdy “

ż 8

´8

ż 8

´8

yppx, yqdxdy,

DpXq “

ż 8

´8

px´ EXq2pXpxqdx

“

ż 8

´8

ż 8

´8

px´ EXq2ppx, yqdxdy,

DpY q “

ż 8

´8

py ´ EY q2pY pyqdy

“

ż 8

´8

ż 8

´8

py ´ EY q2ppx, yqdxdy.
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 EpX ` Y q “ EpXq ` EpY q. (3.3)

y: =épX,Y q �ëY.��/y². �éÜ�Ý�ppx, yq.

EpX ` Y q “

ż 8

´8

ż 8

´8

px` yqppx, yqdxdy

“

ż 8

´8

ż 8

´8

xppx, yqdxdy

`

ż 8

´8

ż 8

´8

yppx, yqdxdy

“EX ` EY.
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DpX ` Y q “DpXq `DpY q ` 2EpX ´ EXqpY ´ EY q. (3.4)

y: PEX “ a, EY “ b, KEpX ` Y q “ a` b.

Pfpx, yq “
`

px` yq ´ pa` bq
˘2

; gpx, yq “ px´ aqpy´ bq. K

fpx, yq “
`

px´ aq ` py ´ bq
˘2

“px´ aq2 ` py ´ bq2 ` 2gpx, yq.

DpX ` Y q “ EfpX,Y q:

EfpX,Y q “EpX ´ aq2 ` EpY ´ bq2 ` 2EgpX,Y q.
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eX,Y Õá, K

EpXY q “ pEXq ¨ pEY q. (3.5)

y: =éëY.�/y². dÕá5, éÜ�Ý�

ppx, yq “ pXpxq ¨ pY pyq

u´

EpX ¨ Y q “

ż 8

´8

ż 8

´8

xyppx, yqdxdy

“

ż 8

´8

ż 8

´8

xypXpxqpY pyqdxdy

“

ż 8

´8

xpXpxqdx ¨

ż 8

´8

ypY pyqdy

“pEXq ¨ pEY q.
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eX,Y Õá, K

DpX ` Y q “ DpXq `DpY q. (3.6)

EpX ´ EXqpY ´ EY q “ 0.

PEX “ a, EY “ b, K

pX ´ EXqpY ´ EY q “ pX ´ aqpY ´ bq “ XY ´ aY ´ bX ` ab.

dÕá5, EpXY q “ pEXq ¨ pEY q “ ab.

u´

EpX ´ EXqpY ´ EY q “ EpXY ´ aY ´ bX ` abq

“EpXY q ´ a ¨ EY ´ b ¨ EX ` ab “ ab´ ab´ ba` ab “ 0.

?�Ú, 2d(3.4) =�(3.6).
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���

½Â3.1. ¡¢�þpEX,EY q ��Å�þpX,Y q �Ï"/þ

�, ¡¢êEpX ´ EXqpY ´ EY q �X,Y ����, P

�CovpX,Y q ½σXY .

DpXq “ σXX , DpY q “ σY Y .

�pX,Y q �ëY.�Å�þ, éÜ�Ý�ppx, yq, K

CovpX,Y q “

ż 8

´8

ż 8

´8

px´ EXqpy ´ EY qppx, yqdxdy.

eX,Y �pÕá, KCovpX,Y q “ 0.

eCovpX,Y q “ 0, K¡X,Y (�5)Ø�'.

5: Õáñ Ø�', Ø�'œ Õá.
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~3.2 �pX,Y q „ UpDq, D “ tpx, yq : x2 ` y2 ď 1u.

¦σXX , σY Y , σXY .

): EX “ EY“ 0:

EX “

ż 8

´8

ż 8

´8

xppx, yqdxdy “

ĳ

x2`y2ď1

x ¨
1

π
dxdy

“
1

π

ż 1

´1

˜

ż

?
1´x2

´
?

1´x2
1dy

¸

xdx “ 0.

σXX “ σY Y “
1
4 :

σXX “

ĳ

x2`y2ď1

px´ 0q2 ¨
1

π
dxdy
::::

“
1

π

ż 2π

0

ż 1

0
r2 cos2 θ ¨ rdrdθ

:::::
(�4�IC�)

“
1

π

ˆ
ż 2π

0
cos2 θdθ

˙

¨

ˆ
ż 1

0
r3dr

˙

“
1

π
¨ π ¨

1

4
“

1

4
.
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σXY “ 0:

σXY “

ż 8

´8

ż 8

´8

px´ EXqpy ´ EY qppx, yqdxdy

“
1

π

ĳ

x2`y2ď1

xydxdy

“
1

π

ż 1

´1

˜

ż

?
1´y2

´
?

1´y2
xdx

¸

ydy “ 0.

5: X ÚY Ø�', �´X ÚY ØÕá.

/X ÚY ØÕá0��*: �X “ x �, Y �����

�r´
?

1´ x2,
?

1´ x2s, §�6ux.

/X ÚY ØÕá0��*: �A “ p
?

2
2 , 1s, B “ p

?
2

2 , 1s,

KP pX P Aq ą 0, P pY P Bq ą 0, �

P pX P A, Y P Bq “ 0 ‰ P pX P Aq ¨ P pY P Bq.
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~3.3. �pX,Y q Ñl����©Ù, �Ý¼êXe. ¦σXY .

ppx, yq “ Ce
´ 1

2p1´ρ2q
¨I

, Ù¥, C “ 1{p2πσ1σ2

a

1´ ρ2q,

I “ u2 ´ 2ρuv ` v2. u “ px´ µ1q{σ1, v “ py ´ µ2q{σ2.

): ®k(Ø: EX “ µ1, EY “ µ2, DpXq “ σ2
1, DpY q “ σ2

2.

σXY “

ż 8

´8

ż 8

´8

px´ µ1qpy ´ µ2qppx, yqdxdy
::::

“

ż 8

´8

ż 8

´8

σ1u ¨ σ2v ¨ Ce
´ 1

2p1´ρ2q
¨I
σ1σ2dudv
:::::::::

“
σ1σ2

2π
a

1´ ρ2

ż 8

´8

ˆ
ż 8

´8

u ¨ e
´
pu´ρvq2`p1´ρ2qv2

2p1´ρ2q du

˙

vdv

“
σ1σ2

2π
a

1´ ρ2

ż 8

´8

ˆ

?
2π

a

1´ ρ2 ¨ ρv ¨ e´
v2

2

˙

vdv

“
σ1σ2ρ
?

2π

ż 8

´8

v2e´
v2

2 dv “ σ1σ2ρ.

5: éu����©Ù�ü�©þ, Ø�'ñ Õá.

���<: oÀº, U�: ÙE 1oÙ



 

�'Xê

½Â3.2. ¡

σXY
?
σXX

?
σY Y

�X,Y ��'Xê, P�ρXY ½ρ.

5: �¦0 ă σXX , σY Y ă 8.

5: é����©Ù, ëêρ ´ü�©þ��'Xê.

5: òX,Y ©OIOz, ��X˚ “ pX ´ EXq{
?
σXX ,

Y ˚ “ pY ´ EY q{
?
σY Y . KρXY “ σX˚Y ˚ :

ρXY “
EpX ´ EXqpY ´ EY q

?
σXX

?
σY Y

“ EX˚Y ˚ “ σX˚Y ˚ .
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�'Xêρ “ ρXY ÷v:

|ρ| ď 1. (3.10)

y: �Ä���g¼êf : λÑ fpλq, ½ÂXe:

fpλq :“DpY´λXq

“DpY q `Dp´λXq ` 2EpY ´ EY q
`

´λX ´ Ep´λXq
˘

“σY Y ` λ
2σXX ´ 2λσXY “ σXXλ

2 ´ 2σXY λ` σY Y .

f ����:: λ0 “
σXY
σXX

, ���: fpλ0q “ σY Y p1´ ρ
2q:

fpλq “ σXX

ˆ

λ´
σXY
σXX

˙2

` σY Y ´
σ2
XY

σXX
.

��o´�K�, Ïd1´ ρ2 ě 0, =|ρ| ď 1.

5: |ρ| “ 1 ��=�
::::::::::::::::
DpY ´ λ0Xq “ 0,

::::::::::::::
=�3~êa, b

::::::::::::::::::::::::
¦�P pY “ a` bXq “ 1.
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�5ýÿ

ýÿ¯K´ÚOÆ��ïÄ�K.

�5¼êfpxq “ a` bx ´/�{ü0�¼ê.

e�σXX ą 0, σY Y ą 0.

¯K: XÛÀ�a, b, ¦�a` bX �Y ��C?

^ýÿ�þ�Ø� Qpa, bq �x�C§Ý:

Q “ Qpa, bq “ E
`

Y ´ pa` bXq
˘2
.

¯K: ¦Qpa, bq ����:pa˚, b˚q.

): Qpa, bq ´'ua, b ����gõ�ª. �^����{

½ �ê�u"��{5¦���:.
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O�Qpa, bq “ E
`

Y ´ pa` bXq
˘2

.

Y ´ pa` bXq “ pY ´ EY q ´ bpX ´ EXq `EY ´ bEX ´ a.

Z “ pY ´ EY q ´ bpX ´ EXq ÷vEZ “ 0;

c “ EY ´ bEX ´ a �~ê/¢ê.

Ðm:

Qpa, bq “EpZ ` cq2 “ EZ2 ` c2 ` 2cEZ “ EZ2 ` c2.

?�Ú, òZ2 2Ðm:

EZ2 “σY Y ` b
2σXX ´ 2bσXY

“σXXb
2 ´ 2σXY b` σY Y .
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��{:

Qpa, bq “ E
`

Y ´ pa` bXq
˘2
“ EZ2 ` c2, Ù¥

EZ2 “ σXXb
2 ´ 2σXY b` σY Y , c “ EY ´ bEX ´ a.

EZ2 “ σXX

´

b´ σXY
σXX

¯2
` σY Y ´

σ2
XY
σXX

.

8I: ¦Qpa, bq ����.

�b˚ “ σXY
σXX

“
ρ
?
σXXσY Y
σXX

“ ρ
b

σY Y
σXX

¦�EZ2 ����.

�a˚ “ EY ´ b˚EX ¦�c “ 0.

��¼êQpa, bq ����:

Qpa˚, b˚q “σY Y ´
σ2
XY

σXX
“ σY Y p1´ ρ

2q.

5: |ρ| ��Cu1, ‹ ��.

5: ρ ‰ 0, K‹ ă σY Y “ EpY ´ EY q2 “ QpEY, 0q.
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 �{:

Qpa, bq “ E
`

Y ´ pa` bXq
˘2
“ EZ2 ` c2, Ù¥

EZ2 “ σXXb
2 ´ 2σXY b` σY Y , c “ EY ´ bEX ´ a.

8I: ¦Qpa, bq ����.

¦)�§|:

$

&

%

BQpa,bq
Ba “ 0,

BQpa,bq
Bb “ 0.

=,

$

&

%

´2c “ 0,

2σXXb´ 2σXY ` 2cp´EXq “ 0.

)�,

$

&

%

a˚ “ EY ´ bEX,

b˚ “ σXY
σXX

.

u�pa˚, b˚q (¢´��).
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éÜ�Ý�>��Ý

§4.4 'un ��Å�þ

n ��Å�þξ “ pX1, X2, . . . , Xnq.

½Â4.1. e�3�K¼êppx1, . . . , xnq ¦�:

P pξ P Dq “

ż

¨ ¨ ¨

ż

D
ppx1, x2, . . . , xnqdx1dx2 . . . dxn (4.1)

é?¿n ���N

D “
 

px1, x2, . . . , xnq : a1 ă x1 ă b1, . . . , an ă xn ă bn
(

þ¤á, K¡ξ ´ëY.�, ¡ppx1, x2, . . . , xnq �ξ �©Ù

�Ý, ½éÜ©Ù�Ý, {¡éÜ�Ý.

���<: oÀº, U�: ÙE 1oÙ



 

5: (4.1) éun ��m¥�«�, $������8ÜD E

¤á.

¡ξ “ pX1, . . . , Xnq ��Ü©©þ¤�¤��þ9Ù©Ù�

Ý>�9Ù>��Ý. X, pX2, X5q �ξ ���>�,

p25px, yq :“ pX2,X5px, yq ���>��Ý.

AO/, z�©þXi �©Ù�Ýpipxq ´ξ ��>��Ý, ¡

�ü��Ý.

éÜ�Ýû½>��Ý: X,

p1px1q “

ż 8

´8

¨ ¨ ¨

ż 8

´8

ppx1, x2, . . . , xnqdx2 . . . dxn, (4.3)

p12px1, x2q “

ż 8

´8

¨ ¨ ¨

ż 8

´8

ppx1, x2, x3, . . . , xnqdx3 . . . dxn.

���<: oÀº, U�: ÙE 1oÙ



 ½Â4.2. eξ “ pX1, . . . , Xnq �éÜ�Ýppx1, . . . , xnq äk

XeL�ª, K¡ξ Ñln ���©Ù, ¡ξ ´n ����Å

�þ, P�ξ „ Npµ,Σq.

ppx1, . . . , xnq

“
1

p2πq
n
2 |Σ|

1
2

exp
 

´
1

2
px´ µqTΣ´1px´ µq

(

(4.4)

Ù¥x “ px1, . . . , xnq
T (gCþ), µ “ pµ1, . . . , µnq ´n ��

þ, Σ “ pσijqnˆn ´n ��½Ý
.

���<: oÀº, U�: ÙE 1oÙ



 

Õá5

½Â4.3. �X1, . . . , Xn ´n ��ÅCþ. XJé?¿ai ă bi

(i “ 1, 2, . . . , n), ¯�ta1 ă X1 ă b1u, . . ., tan ă Xn ă bnu

�pÕá, K¡X1, . . . , Xn ´�pÕá�.

½n4.1 �X1, . . . , Xn �©Ù�Ý©O´p1px1q, . . ., pnpxnq,

KX1, . . . , Xn �pÕá�¿©7�^�´

ppx1, . . . , xnq :“ p1px1q . . . pnpxnq

´pX1, . . . , Xnq�éÜ©Ù�Ý.

~, eX1, X2, X3 �pÕá, KtpX1, X2q P Du �tX3 P Bu

Õá.

���<: oÀº, U�: ÙE 1oÙ



 

½Â: eξ “ pX1, . . . , Xnq �η “ pY1, . . . , Ymq ÷v:

é?¿ai ă bi (i “ 1, 2, . . . , n); cj ă dj (j “ 1, 2, . . . ,m),

ta1 ă X1 ă b1, . . . , an ă Xn ă bnu

�tc1 ă Y1 ă d1, . . . , cm ă Ym ă dmu �pÕá,

K¡ξ �η �pÕá.

�ξ, η Ñ´ëY.�Å�þ, éÜ�Ý©O�pξpx1, ¨ ¨ ¨ , xnq,

pηpy1, ¨ ¨ ¨ , ymq. Kξ �η �pÕá�¿©7�^�´:

qpx1, ¨ ¨ ¨ , xn, y1, ¨ ¨ ¨ , ymq :“ pξpx1, ¨ ¨ ¨ , xnqpηpy1, ¨ ¨ ¨ , ymq

�pX1, ¨ ¨ ¨ , Xn, Y1, ¨ ¨ ¨ , Ymq �éÜ�Ý.

5: aq/, �±½Ân ��Å�þ�pÕá.

���<: oÀº, U�: ÙE 1oÙ



 

n��ÅCþ�¼ê�©Ù

�pX1, . . . , Xnq �ëY., éÜ�Ý�ppx1, . . . , xnq.

�Y “ fpX1, X2, . . . , Xnq. KY �©Ù¼ê�

FY pyq “P pfpX1, . . . , Xnq ď yq

“

ż

¨ ¨ ¨

ż

fpx1,...,xnqďy

ppx1, . . . , xnqdx1 . . . dxn. (4.5)

5: �ξ “ pX1, . . . , Xnq �η “ pY1, Y2, . . . , Ymq �pÕá,

KfpX1, . . . , Xnq �gpY1, . . . , Ymq �pÕá.

���<: oÀº, U�: ÙE 1oÙ



 

êiA�

ëY.�Å�þ�¼ê�Ï", O�úª:

EfpX1, . . . , Xnq

“

ż 8

´8

. . .

ż 8

´8

fpx1, . . . , xnqppx1, . . . , xnqdx1 . . . dxn.

5: �¦mà�È©ýéÂñ.

éulÑ.�Å�þ, È©C¤¦Ú.

¡¢�þpEX1, . . . , EXnq ��Å�þpX1, . . . , Xnq �

Ï"/þ�.

���<: oÀº, U�: ÙE 1oÙ



 
Ú�Ï":

EpX1 ` ¨ ¨ ¨ `Xnq “EX1 ` ¨ ¨ ¨ ` EXn.

eX1, X2, . . . , Xn �pÕá, K

EpX1 . . . Xnq “pEX1qpEX2q . . . pEXnq, (4.8)

DpX1 ` ¨ ¨ ¨ `Xnq “DpX1q ` ¨ ¨ ¨ `DpXnq.

y: n “ 2, X. êÆ8B{.

���<: oÀº, U�: ÙE 1oÙ



 

ξ “ pX1, ¨ ¨ ¨ , Xnq ´n ��Å�þ.

éi, j “ 1, 2, . . . , n, P

σij “σXi,Xj “ EpXi ´ EXiqpXj ´ EXjq. (4.9)

¡Ý


Σ “

¨

˚

˚

˚

˚

˚

˝

σ11 σ12 ¨ ¨ ¨ σ1n

σ21 σ22 ¨ ¨ ¨ σ2n

...
...

...

σn1 σn2 ¨ ¨ ¨ σnn

˛

‹

‹

‹

‹

‹

‚

�pX1, X2, . . . , Xnq ����Ý
, {¡���
½��
.

5: Σ ´¢é¡Ý
.

���<: oÀº, U�: ÙE 1oÙ



 

Σ �K½�/��½�.

��½Ý
�½Â:

é?¿¢êa1, . . . , an, -a “ pa1, ¨ ¨ ¨ , anq
T , KaTΣa ě 0.

y:

aTΣa “
n
ÿ

i“1

n
ÿ

j“1

aiajσij

“

n
ÿ

i“1

n
ÿ

j“1

aiajEpXi ´ EXiqpXj ´ EXjq

“E

˜

n
ÿ

i“1

aipXi ´ EXiq ¨

n
ÿ

j“1

ajpXj ´ EXjq

¸

“E

˜

n
ÿ

i“1

aipXi ´ EXiq

¸2

“ D

˜

n
ÿ

i“1

aiXi

¸

ě 0.

���<: oÀº, U�: ÙE 1oÙ



 

?�Ú, P

ρij “
σij

?
σii
?
σjj

.

5: ρii “ 1.

¡Ý


R “

¨

˚

˚

˚

˚

˚

˝

1 ρ12 ¨ ¨ ¨ ρ1n

ρ21 1 ¨ ¨ ¨ ρ2n

...
...

...

ρn1 ρn2 ¨ ¨ ¨ 1

˛

‹

‹

‹

‹

‹

‚

�pX1, . . . , Xnq ��'Xê
, {¡�'
.

5: R �´¢é¡!�´�K½�.
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P

C “

¨

˚

˚

˚

˚

˚

˝

1?
σ11

0 ¨ ¨ ¨ 0

0 1?
σ22

¨ ¨ ¨ 0
...

...
. . . 0

0 0 ¨ ¨ ¨ 1?
σnn

˛

‹

‹

‹

‹

‹

‚

K

R “ CΣC.

5: òXi IOz, Yi “ pXi ´ EXiq{
?
σii, KR

´pY1, . . . , Ynq ����
.

���<: oÀº, U�: ÙE 1oÙ



 

½Â4.4 �ξ “ pX1, . . . , Xnq´n��Å�þ, ¡n�¼ê

F px1, x2, . . . , xnq “ P pX1 ď x1, X2 ď x2, . . . , Xn ď xnq

�ξ �©Ù¼ê½éÜ©Ù¼ê.

XJξ kéÜ�Ýppx1, . . . , xnq, K

F px1, . . . , xnq “

ż x1

´8

¨ ¨ ¨

ż xn

´8

ppu1, . . . , unqdu1 . . . dun.

5: 3éÜ�Ý�ëY:þ,

ppx1, . . . , xnq “
BF px1, . . . , xnq

Bx1 ¨ ¨ ¨ Bxn
.

���<: oÀº, U�: ÙE 1oÙ



 

lÑ.^�©Ù

§4.5 ^�©Ù�^�Ï"

�pX,Y q ´lÑ.�Å�þ. éÜ©Ù(�)�

pij “ P pX “ xi, Y “ yjq, i “ 1, 2, ¨ ¨ ¨ ; j “ 1, 2, ¨ ¨ ¨

�½yj . ¡

P pX “ xi|Y “ yjq “
pij

P pY “ yjq
, i “ 1, 2, ¨ ¨ ¨

�3Y “ yj �^�e, X �^�©Ù(�).

3X “ xi �^�e, Y �^�©Ù(�)aq½Â.

¦{úª: pij “ P pY “ yjq ¨ P pX “ xi|Y “ yjq.

5: eX �^�©Ù(�)Ø�6�yj , KX �Y �pÕá.

���<: oÀº, U�: ÙE 1oÙ



 

~5.1. �ÃüuÂ¥8I�VÇ: p, (0 ă p ă 1), Â¥üg�Ê.

X “ 1�gÂ¥8I���Âgê; Y “ o�Âgê.

¦éÜ©Ù!>�©Ù!^�©Ù.

): Pq “ 1´ p.

éÜ©Ù: n ą m ě 1,

P pX “ m,Y “ nq “qm´1p ¨ qn´m´1p “ qn´2p2.

>�©Ù:

P pX “ mq “
8
ÿ

n“m`1

qn´2p2 “ qm´1p, m ě 1;

P pY “ nq “
n´1
ÿ

m“1

qn´2p2 “ pn´ 1qqn´2p2, n ě 2.

���<: oÀº, U�: ÙE 1oÙ



 

~5.1(Y).

3Y “ n �^�e, X �©Ù: m “ 1, ¨ ¨ ¨ , n´ 1,

P pX “ m|Y “ nq “
P pX “ m,Y “ nq

P pY “ nq
“

qn´2p2

pn´ 1qqn´2p2
“

1

n´ 1
.

3X “ m �^�e, Y �^�©Ù: n “ m` 1,m` 2, ¨ ¨ ¨ ,

P pY “ n|X “ mq “
P pX “ m,Y “ nq

P pX “ mq
“
qn´2p2

qm´1p
“ qn´m´1p.

5: �d/, éuk “ 1, 2, ¨ ¨ ¨

P pY ´X “ k|X “ mq “P pY “ m` k|X “ mq “ qk´1p.

d=X �©Ù�. u´, Y ´X �X Õá�Ó©Ù.
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ëY.^�©Ù

�pX,Y q �ëY.�Å�þ, éÜ�Ý�ppx, yq.

Y �>��Ý: pY pyq “
ş8

´8
ppx, yqdx.

�½y. �pY pyq ą 0. ¡'ux �¼ê

pX|Y px|yq :“
ppx, yq

pY pyq
(5.4)

�3Y “ y �^�e, X �^�(©Ù)�Ý.

3X “ x �^�e, Y �^�©Ù�Ýaq½Â.

5: ~, epX|Y px|yq “
1?
2π
e´

x2

2 , K¡3Y “ y �^�e, X

ÑlNp0, 1q.

¦{úª: ppx, yq “ pY pyq ¨ pX|Y px|yq.

5: eX �^�©Ù�ÝØ�6�y, KX �Y �pÕá.

���<: oÀº, U�: ÙE 1oÙ



 

~5.2. �pX,Y q Ñl����©Ù, �Ý¼êXe. ¦pX|Y px|yq.

ppx, yq “ Ce
´ 1

2p1´ρ2q
¨I

, Ù¥, C “ 1{p2πσ1σ2

a

1´ ρ2q,

I “ u2 ´ 2ρuv ` v2. u “ px´ µ1q{σ1, v “ py ´ µ2q{σ2.

�{�!k¦pY pyq. ®k(Ø: Y „ Npµ2, σ
2
2q, =

pY pxq “C1e
´ v2

2 , Ù¥ C1 “ 1{p
?

2πσ2q.

3Y “ y �^�e, X �^�©Ù�Ý:

pX|Y px|yq “
ppx, yq

pY pyq
“

C

C1
e
´ 1

2p1´ρ2q
¨I
e
v2

2

“
C

C1
e
´
pu´ρvq2

2p1´ρ2q e
´
p1´ρ2qv2

2p1´ρ2q e
v2

2 “
1

?
2π

a

1´ ρ2σ1

e
´
px´µ1´σ1ρvq

2

2p1´ρ2qσ21 .

3Y “ y �^�e, X ÑlNpµ, σ2q, Ù¥

µ “ µ1 ` ρσ1
y´µ2
σ2

, σ2 “ p1´ ρ2qσ2
1.
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ppx, yq “ Ce
´ 1

2p1´ρ2q
¨I

, Ù¥, C “ 1{p2πσ1σ2

a

1´ ρ2q,

I “ u2 ´ 2ρuv ` v2. u “ px´ µ1q{σ1, v “ py ´ µ2q{σ2.

�{�!��léÜ�ÝÑu:

ppx, yq “Ce
´ 1

2p1´ρ2q
¨I
“ Ce

´
pu´ρvq2

2p1´ρ2q e
´
p1´ρ2qv2

2p1´ρ2q

“Cye
´
px´µ1´σ1ρvq

2

2p1´ρ2qσ21 .

Pµ “ µ1 ` ρσ1
y´µ2
σ2

, σ2 “ p1´ ρ2qσ2
1. K

pX|Y px|yq “
ppx, yq

pY pyq
“ Ĉye

´
px´µq2

2σ2 , pĈy “
Cy

pY pyq
q.

þª'ux ´�Ý, �7kĈy “
1?

2πσ2
.

5: aq/, 3X “ x �^�e, Y ÑlNpµ, σ2q, Ù¥

µ “ µ2 ` ρσ2
x´µ1
σ1

, σ2 “ p1´ ρ2qσ2
2.

���<: oÀº, U�: ÙE 1oÙ



 

^�Ï"

½Â5.2. �pX,Y q ´ëY.�Å�þ, ¡

ż 8

´8

xpX|Y px|yqdx

�3Y “ y �^�e, X �^�Ï", =�EpX|Y “ yq.

5: �¦þ¡�È©ýéÂñ.

élÑ., �aq½Â^�Ï".

5: ^�Ï"=�^�©ÙéA�Ï".

���<: oÀº, U�: ÙE 1oÙ



 

�â^��Ý�½Â,

gpyq :“ EpX|Y “ yq “
1

pY pyq

ż 8

´8

xppx, yqdx. (5.5)

gpyq ´y �¼ê. gpY q ´�ÅCþ, P�EpX|Y q, §´�Å

CþY �¼ê.

Ï"úª:

EEpX|Y q “EgpY q “

ż

ty:pY pyqą0u

gpyqpY pyqdy

“

ż 8

´8

ż 8

´8

xppx, yqdxdy “

ż 8

´8

x

ż 8

´8

ppx, yqdydx

“

ż 8

´8

xpXpxqdx “ EX. (5.6)

5: ��´�Vúª.

���<: oÀº, U�: ÙE 1oÙ



 

~5.3. �U1, U2, . . . �pÕá, ÑÑlUp0, 1q. ¦EN , Ù¥

N :“ min tn :
řn
i“1 Ui ą 1u .

): é?¿x P r0, 1s, -

Npxq :“ min tn :
řn
i“1 Ui ą xu, mpxq “ ENpxq.

Kgpyq :“ EpNpxq|U1 “ yq “

$

&

%

1, y ą x,

1`mpx´ yq, y ď x.

�

mpxq “EgpU1q “

ż 1

x
dy `

ż x

0

`

1`mpx´ yq
˘

dy

“1`

ż x

0
mpuqdu.

�d/, m1pxq “ mpxq. )�mpxq “ kex.

dmp0q “ 1 �k “ 1. �mpxq “ ex. ¤¦�EN “ mp1q “ e.

���<: oÀº, U�: ÙE 1oÙ



 

~5.4. �,ó�z�>åI¦: X „ Up10, 20q, >åøA:

Y „ Up10, 30q, ü : �Ý. e>åøAv
, z1�Ý>�M

E30��|d; eØv, KØvÜ©>åz1 �ÝME10��|

d. ¦dó�z�²þ|d.

): �@�X,Y Õá. ó�z��|dR (��)L�ªXe:

R “ 30X, pe X ď Y q; R “ 30Y ` 10pX ´ Y q, pe X ą Y q.

Pgpyq “ EpR|Y “ yq. �20 ď y ď 30 �, 7kX ď y,

gpyq “ Ep30Xq “ 30EX “ 30 ¨ 10`20
2 “ 450.

�10 ď y ă 20 �,

gpyq “
şy
10 30x ¨ 1

10dx`
ş20
y p30y ` 10px´ yqq ¨ 1

10dx “ 50` 40y ´ y2.

�Y: �433 ��.

EpRq “ gpY q “

ż 20

10
p50` 40y ´ y2q¨

1

20
dy`

ż 30

20
450¨

1

20
dy « 433.
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�Å�þ�^�©ÙÚ^�Ï"

�X “ pX1, . . . , Xmq ÚY “ pY1, . . . , Ynq ´ü��Å�þ.

�pX,Y q kéÜ�Ýppx, yq,

Ù¥x “ px1, . . . , xmq, y “ py1, . . . , ynq.

¡pX|Y px|yq “ ppx, yq{pY pyq �3Y “ y �^�e, X �^

�(éÜ)�Ý.

3Y “ y �^�e, Xi �^��Ý: pXi,Y pxi, yq{pY pyq =

�pX|Y px|yq �1i �>��Ý.

3Y “ y ^�e, Xi �^�Ï":

EpXi|Y “ yq :“

ż 8

´8

upipu|yqdu.

3Y “ y ^�e, X �^�Ï":

EpX|Y “ yq :“
`

EpX1|Y “ yq, . . . , EpXm|Y “ yq
˘

.

���<: oÀº, U�: ÙE 1oÙ



 

�Zýÿ

¦¼êψp¨q, ¦�þ�Ø� Qpψq :“ EpY ´ ψpXqq2 ��.

½n5.1. �pX,Y q kéÜ�Ýppx, yq, EY 2 ă 8. K

φpxq “ EpY |X “ xq, pepXpxq ą 0q;φpxq “ 0, pepXpxq “ 0q.

�Qp¨q ����:. (5: lÑ.aq.)

y: Y ´ ψpXq “ Y ´ φpXq ` φpXq ´ ψpXq.

E‹‹ “ 0:

E‹‹ “

ż 8

´8

ż 8

´8

py ´ φpxqqpφpxq ´ ψpxqqpXpxqpY |Xpy|xqdydx,

Ù¥,

ż 8

´8

py ´ φpxqqpY |Xpy|xqdy “

ż 8

´8

ypY |Xpy|xqdy ´ φpxq “ 0.

Qpψq “ Qpφq ` E
`

φpXq ´ ψpXq
˘

2.

���<: oÀº, U�: ÙE 1oÙ



 ~5.5. �pX,Y q Ñl����©Ù, ëê�pµ1, µ2, σ1, σ2, ρq.

3X “ x �^�e, Y ÑlN
´

µ2 ` ρσ2
x´µ1
σ1

, σ2
2p1´ ρ

2q

¯

.

^�Ï"

φpxq “ EpY |X “ xq “µ2 ` ρσ2
x´ µ1

σ1
.

3X �¼êýÿY , ¦�þ�Ø����´

φpXq “ µ2 ` ρσ2
X ´ µ1

σ1
.

���<: oÀº, U�: ÙE 1oÙ



 

õ��Zýÿ:

�X1, . . . , Xm, Y ´m` 1 ��ÅCþ.

PX “ pX1, . . . , Xmq, x “ px1, . . . , xmq.

¦¼êψpxq, ¦�^φpXq ýÿY �þ�Ø���.

�Y�φpxq “ EpY |X “ xq. òφpXq P�EpY |Xq.

���<: oÀº, U�: ÙE 1oÙ



 

�ê½Æ

§4.6 �ê½ÆÚ¥%4�½n

�ÅCþS�: X1, X2, . . .

½Â6.1. e@n ě 1, X1, . . . , Xn �pÕá, K¡X1, X2, . . .

´�pÕá�. qe¤k�Xi äk�Ó�©Ù, K

¡X1, X2, . . . ´ÕáÓ©Ù��ÅCþS�, P�i.i.d..

-

Sn “ X1 ` ¨ ¨ ¨ `Xn.

���<: oÀº, U�: ÙE 1oÙ



 

�ê½Æ: ½n6.1. �X1, X2, . . . ÕáÓ©Ù, �EX1, DpX1q

�3. K@ε ą 0,

lim
nÑ8

P

ˆˇ

ˇ

ˇ

ˇ

Sn
n
´ EX1

ˇ

ˇ

ˇ

ˇ

ě ε

˙

“ 0. (6.1)

5: X̄ “ Sn
n ´n �*ÿ��â²þ�.

5: -Xn “ 1, e1n gÁ�¥A u); X1 “ 0, ÄK.

@o, X̄ �ªÇ, EX1 “ P pAq. ªÇ« VÇ. (P155, ~6.1)

y: EX̄ “ EX1. d�'ÈÅØ�ª, ‹ ď 1
ε2
D
`

X̄
˘

.

Õá, �DpSnq “ DpX1q ` ¨ ¨ ¨ `DpXnq “ nDpXq.

l, D
`

X̄
˘

“ 1
n2DpSnq “

1
nDpX1q.

Ïd ‹ ď
DpX1q

nε2
Ñ 0, nÑ8.

5: e(6.1) ¤á, K¡X1, X2, ¨ ¨ ¨ Ñl(f)�ê½Æ.
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r�ê½Æ: �X1, X2, . . . ÕáÓ©Ù, �EX1 �3, K

P

ˆ

lim
nÑ8

Sn
n
“ EX1

˙

“ 1. (6.2)

5: e(6.2) ¤á, K¡X1, X2, . . . Ñlr�ê½Æ.

�ξ, ξ1, ξ2, ¨ ¨ ¨ þ��ÅCþ. e

lim
nÑ8

P p|ξn ´ ξ| ą εq “ 0, @ε ą 0,

K¡ξn �VÇÂñ�ξ, P�ξn
Pr
ÝÑ ξ. e

P
´

lim
nÑ8

ξn “ ξ
¯

“ 1,

K¡ξn ±VÇ1Âñ�ξ, ½A�7,(a.s.)Âñ�ξ, P

�ξn
a.s.
ÝÑ ξ ½ lim

nÑ8
ξn “ ξ, a.s..

5: �±y²ξn
a.s.
ÝÑ ξ %¹Xξn

Pr
ÝÑ ξ, �(6.2) %¹X(6.1).
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¥%4�½n

¥%4�½n: ½n6.2. �X1, X2, . . . ÕáÓ©Ù;

µ “ EX1, σ2 “ DX1 �3; �σ2 ą 0. K@a ă b,

lim
nÑ8

P

˜

a ă
Sn ´ nEX1
a

nDpX1q
ă b

¸

“

ż b

a
φpuqdu, φpxq “

1
?

2π
e´

x2

2 .

�ÄIOz: ξ˚ “ ξ´Eξ?
Dpξq

. K‹ “ S˚n.

�½n. X̄ “ Sn
n , K

pX̄q˚ “
Sn
n ´ EX1
b

1
nDpX1q

“ S˚n “ ‹.

�n é��, S˚n “ pX̄q
˚ CqÑlNp0, 1q. Sn CqÑ

lNpnEX1, nDpX1qq, X̄ CqÑlNpEX1,
DpX1q

n q.

5: ¥%4�½n´y�ÚOíä¥���Ä:nØ.
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~6.2. ,�x���KÖþY „ Np300, 40q(ü : ë); zý�

�²þþ�5, ���2. �
�yxØ�Ø¥�VÇØ�

u0.99997, �õ#Nõ�ý�3xþº

): ekM ý�3xþ, 1i ý�þ�Xi. M ý��o

þ�Sn “ X1 ` ¨ ¨ ¨ `XM .

�±@�Y,X1, X2, . . . , XM �pÕá;

µ “ EX1 “ 5, σ2 “ DpX1q “ 2.

¦���M , ¦�P pSM ă Y q ě 0.99997.

M ��, �SM CqÑlNpMµ,Mσ2q.

SM �Y Õá, Ñ(Cq)Ñl��©Ù, �Z “ SM ´ Y (C

q)Ñl��©Ù. EZ “Mµ´ 300, DpZq “Mσ2 ` 40.

�¦P pZ ă 0q ě 0.99997, =

P pZ ă 0q « Φ

ˆ

0´ pMµ´ 300q
?
Mσ2 ` 40

˙

ě 0.99997.
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~6.2(Y).

�d/,

0´ pMµ´ 300q
?
Mσ2 ` 40

ě Φ´1p0.99997q “ 4. p�Lq

¦)

ô
´p5M ´ 300q
?

2M ` 40
ě 4 ô 300´ 5M ě 4

?
2M ` 40

ô

$

&

%

300´ 5M ě 0

25M2 ´ 3032M ` 89360 ě 0
ô

$

&

%

M ď 60

M ď 50.5 ½M ě 70.78.

)�M ď 50.5. �, �õ#N50 ý�Ó�3xþ.
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