
 

§7.4 � �O�`û5b�T “ T pX1, ¨ ¨ ¨ ,Xnq ´gpθq ��Oþ, ¡
Rpθ, T q :“ Eθ

`

T ´ gpθq
˘2ǑT �þ�Ø�/ºx¼ê.½Â4.1. b�T “ T pX1, ¨ ¨ ¨ ,Xnq ´gpθq ��Oþ. XJ

(1) T ´gpθq �� �O,

(2) éugpθq �?¿� �OT̃ “ T̃ pX1, ¨ ¨ ¨ ,Xnq, Ñk
varθpT q ď varθpT̃ q, @θ P Θ.K¡T Ǒgpθq �(��)����� �O(Uniformly

Minimum Variance Unbiased, UMVU).5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

½Â4.2. b�ÚOþT “ T pX1, ¨ ¨ ¨ ,Xnq ÷v:é?¿ÚOþT̃ “ T̃ pX1, ¨ ¨ ¨ ,Xnq Ñk,3T “ t �^�e, T̃ �©Ù�ëêθ �',�o, ¡T Ǒ¿©ÚOþ.=, 3T “ t �^�e, pX1, ¨ ¨ ¨ ,Xnq �©Ù�ëêθ �'.½n4.1. eT “ T pX1, ¨ ¨ ¨ ,Xnq ÷v:

n
ź

i“1

ppxi, θq “ qθpT px1, ¨ ¨ ¨ , xnqqhpx1, ¨ ¨ ¨ , xnq,KT ´¿©ÚOþ.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

~4.3. oN: Bp1, pq, ��þ: n. �ÄT “ X1 ` ¨ ¨ ¨ `Xn.ét “ 0, 1, ¨ ¨ ¨ , n, -
St :“

 

px1, ¨ ¨ ¨ , xnq : xi P t0, 1u,@i; � x1 ` ¨ ¨ ¨ ` xn “ t
(

.�o, @px1, ¨ ¨ ¨ , xnq P St,

PppX1 “ x1, ¨ ¨ ¨ ,Xn “ xn|T “ tq

“PppX1 “ x1, ¨ ¨ ¨ ,Xn “ xnq
PppT “ tq “ ptp1 ´ pqn´t

Ct
np

tp1 ´ pqn´t
“ 1

Ct
n

.

@t, 3T “ t �^�e, pX1, ¨ ¨ ¨ ,Xnq ÑlSt þ�þ!©Ù.T©Ù�p �'. Ïd, T ´¿©ÚOþ.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

~4.6. oN: X „ Exppλq, ��þ: n.éÜ�ÝǑ
pλpx1, ¨ ¨ ¨ , xnq “ λn exp

#

´λ
n
ÿ

i“1

xi

+

¨ 1tx1,¨¨¨ ,xną0u.-T “ T pX1, ¨ ¨ ¨ ,Xnq “ X1 ` ¨ ¨ ¨ `Xn. KT ´¿©ÚOþ.K@t ą 0, 3T “ t �^�e, pX1, ¨ ¨ ¨ ,Xnq Ñl
St “

 

px1, ¨ ¨ ¨ , xnq : xi ą 0,@i; � x1 ` ¨ ¨ ¨ xn “ t
(þ�þ!©Ù.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

~4.4. oN: X „ Npµ, σ2q, ��þ: n.éÜ�ÝǑ
n
ź

i“1

ppxi, θq “ 1?
2πσ2

n exp

"

´
řn

i“1pxi ´ µq2
2σ2

*

“ 1?
2πσ2

n exp

"

´
řn

i“1pxi ´ x̄q2 ` npx̄´ µq2
2σ2

*

.Ïd,
`

X̄,
řn

i“1pXi ´ X̄q2
˘ ´¿©ÚOþ.eoNUǑX „ Npµ, 1q, KéÜ�ÝUǑ

n
ź

i“1

ppxi, θq “ 1?
2π

n exp

#

´
n
ÿ

i“1

pxi ´ µq2
2

+

“ 1?
2π

n exp

#

´1

2

n
ÿ

i“1

x2i

+

exp

#

µ

n
ÿ

i“1

xi

+

exp
!

´n

2
µ2
)

.Ïd, X̄ ´¿©ÚOþ.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

~4.4.(Y) & 4.7. oN: X „ Npµ, 1q, ��þ: n.®k, T1 “ X̄ ´¿©ÚOþ.
`

X̄,
řn

i“1pXi ´ X̄q2
˘ Ǒ´¿©ÚOþ.

T2 “
`

X̄,X1 ´X2

˘ Ǒ´¿©ÚOþ.

ψ1pT1q :“ T1 ´µ �� �O.-φpT2q “ X1 ´X2, KEµφpT2q “ 0, @µ.Ïd, ψ2pT2q :“ T1 `X1 ´X2 Ǒ´µ �� �O.^T2 E�� �OØ�:

varµpT1 `X1 ´X2q

“varµ

ˆ

n` 1

n
X1 ´ n´ 1

n
X2 ` 1

n
X3 ` ¨ ¨ ¨ ` 1

n
Xn

˙

“pn` 1q2 ` pn ´ 1q2 ` n´ 2

n2
“ 2 ` 1

n
ą 1

n
“ varµpT1q.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 ½Â4.3. �T “ T pX1, ¨ ¨ ¨ ,Xnq Ǒ¿©ÚOþ. eé?¿φ,
EθφpT q “ 0, @θ P Θ �íÑ Pθ

`

φpT q “ 0
˘

“ 1,@θ P Θ.K¡T Ǒ��¿©ÚOþ.½n4.2. �T “ T pX1, ¨ ¨ ¨ ,Xnq Ǒ��¿©ÚOþ. e
EθφpT q “ gpθq, @θ,KφpT q ´gpθq �UMVU �O.

5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

½Â4.4. e�Ý½©Ù�ppx, θq U?1Xe©):

ppx, θq “ Spθqhpxq exp
#

m
ÿ

k“1

CkpθqTkpxq
+

,K¡ppx, θq, θ P Θ Ǒ�êx©Ù.5: x �Ǒp��þ, u´ppx, θq ǑéÜ�Ý/éÜ©Ù�.Ún4.1. eoNX ´�êx, K��pX1, ¨ ¨ ¨ ,Xnq Ǒ´.½n4.3. oN©ÙXþ; Θ P R
m �¹S:; pC1, ¨ ¨ ¨ , Cmq3Θ þ�é�!ëY; �Ci �m(Ti �m)��5'X. K

˜

n
ÿ

i“1

T1pXiq, ¨ ¨ ¨ ,
n
ÿ

i“1

TkpXiq
¸´��¿©ÚOþ.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

~4.9 & 4.14. oN: X „ Npµ, σ2q, ��þ: n.

θ “ pµ, σ2q. m “ 2:

ppx, θq “ 1?
2πσ2

e
´ px´µq2

2σ2 “ 1?
2πσ2

e
´ µ2

2σ2 e
µ

σ2
x´ 1

2σ2
x2

.

T1 “
řn

i“1Xi, T2 “
řn

i“1X
2
i , KpT1, T2q ´��¿©ÚOþ.

X̄, S2 ´µ, σ2 �UMVU �O:

X̄ “ 1

n
T1, S2 “ 1

n´ 1

n
ÿ

i“1

pXi ´ X̄q2 “ 1

n´ 1
pT2 ´ 1

n
T 2
1 q´pT1, T2q �¼ê, �´µ, σ2 �� �O.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 
~4.9 & 4.14(Y).UǑ®�µ (~X, ®�µ “ 1). Kθ “ σ2, m “ 1:

ppx, θq “ 1?
2πσ2

e
´ px´1q2

2σ2 “ 1?
2πσ2

e
´ 1

2σ2
px´1q2

.

T1 “ řn
i“1pXi ´ µq2 ´��¿©ÚOþ.

σ̂2 ´σ2 �UMVU �O, Ù¥
σ̂2 “ 1

n

n
ÿ

i“1

pXi ´ µq2.

5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

~4.15. oN: X „ Npµ, 1q, ��þ: n, �µ2 �UMVU �O.

m “ 1, θ “ µ:

ppx, θq “ 1?
2π
e´ px´µq2

2 “ 1?
2π
e´ 1

2
µ2

e´ 1

2
x2

eµx.

T1 “
řn

i“1Xi ´��¿©ÚOþ, ÏdX̄ Ǒ´.dvarpY q “ EY 2 ´ pEY q2 �,

µ2 “
`

EµX̄
˘2 “ EµX̄

2´varµpX̄q “ EµX̄
2´ 1

n
“ Eµ

ˆ

X̄2 ´ 1

n

˙

.Ïd, X̄2 ´ 1
n
´µ2 �UMVU �O.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�



 

~4.10 & 4.13. ,ó<)�20 ��¬, Ù¥1 �Ǒg¬.�: g¬Ç�UMVU �O.oN: Y „ Bp1, pq, p “ θ P r0, 1s, ��þ: n “ 20.©Ù�: (Pk “ y1 ` ¨ ¨ ¨ ` yn )

PppY1 “ y1, ¨ ¨ ¨ , Yn “ ynq “
n
ź

i“1

pyip1 ´ pq1´yi

“pkp1 ´ pqn´k “ eklog p`pn´kqlogp1´pq “ en logp1´pqeplog p´logp1´pqqk.½ö, oN: X „ Bp20, pq, p “ θ P r0, 1s, ��þ: 1. ©Ù�:

PppX “ kq “ Ck
np

kp1´pqn´k “ en logp1´pqCk
ne

plog p´logp1´pqqk.

T1 “ X “ Y1 ` ¨ ¨ ¨ ` Y20 ´��¿©ÚOþ.Ïd, p̂ “ X{20 ´UMVU �O.5VÇÚOA6Ç���¡ ��ö: ÙE
!Ü�


